The information of quantum pathways can be extracted in the framework of the Hamiltonianencoding and Observable-decoding method. For closed quantum systems, only off-diagonal elements of the Hamiltonian in the Hilbert space is required to be encoded to obtain the desired transitions. For open quantum systems, environment-related terms will appear in the diagonal elements of the Hamiltonian in the Liouville space. Therefore, diagonal encodings have to be performed to differentiate different pathways, which will lead to self-to-self transitions and inconsistency of pathway amplitudes with Dyson expansion. In this work, a well-designed transformation is proposed to avoid the counter-intuitive transitions and the inconsistency, with or without control fields. A three-level open quantum system is employed for illustration, and numerical simulations show that the method are consistent with Dyson expansion. * gaofang@iim.ac.cn 2
I. INTRODUCTION II. OFF-DIAGONAL ENCODING IN OPEN QUANTUM SYSTEMS A. HE-OD in open systems
The Markovian dynamics of an open quantum system can be described by the Lindblad master equation ∂ρ(t) ∂t = −i[H 0 − µE(t), ρ(t)] + ηF {ρ(t)},
Here H 0 is the unperturbed Hamiltonian, and µ and E(t) are, respectively, the transition dipole operator and the control field. For convenience has been absorbed into H 0 and µ, ρ(t) is density operator and can be expressed with the eigenstates of H 0 as ρ(t) = nm ρ nm (t) |n m|. The Lindblad term is
where {L j } and η are, respectively, Lindblad operators and the system-environmental coupling strength parameter. It is convenient to rewrite the equation in the Liouville space as i ∂ρ jk (t) ∂t = m,n H jk,mn (t)ρ nm (t).
Here the density operator is expressed with the double-bracket notation, | ρ(t) = nm ρ nm (t) | mn . The density operator at time t can be derived from the non-unitary evolution operator U(t) and the density operator at time 0 as | ρ(t) = U(t) | ρ(0) . The master equation of U(t) is i dU(t) dt = H(t)U(t),
Its solution can be expressed in the form of the Dyson expansion U(t) = I + (−i) 
Then the transition amplitude from the initial state | aa (i.e., state |a in Hilbert space) to final state | bb (i.e., state |b in Hilbert space) is 
This amplitude corresponds to a nth-order pathway from the initial state | aa to final state | bb through the set of
In HE-OD, the Hamiltonian is encoded as H ij (t) → H ij (t)m ij (s), where m ij (s) = exp(2πiγ ij s/N ) and γ ij is an element of the encoding matrix Γ. After modulation, Eq. (4) becomes
leading to the following transition amplitude
Therefore, each particular pathway amplitude U 
B. Off-diagonal encoding scheme and the inconsistency
In this subsection, a three-level open system is taken as example to demonstrate the HE-OD, where only off-diagonal terms are encoded. The inconsistency between the pathway amplitudes by HE-OD and Dyson expansion is shown. The model system is in Fig. 1 , and the corresponding matrices in Eq. (1) are It can be seen that only the nearest-neighbor transitions are induced by the dipole or Lindblad operators. Then the Hamiltonian matrix H(t) in the Liouville space is
with 23 , and χ ij = µ ij E(t). The control field is taken to be a Gaussian form as E(t) = e 
Here the diagonal elements of the Hamiltonian are not encoded. The significant pathways extracted by HE-OD are shown in Tab. I. There are three types of pathways: dipole-induced, dipole-environment-induced and environmentinduced ones. For example, the dipole-induced pathway |11 → |21 → |31 → |32 → |33 is induced by two dipole operators (µ 12 and µ 23 ) according to Eq. (13) , and the dipole-environment-induced pathway |11 → |21 → |22 → |33 by one dipole operator µ 12 and the environment-related term α 23 . The environment-induced pathway pathway |11 → |22 → |33 is related to the two environmental terms α 12 and α 23 . Some symmetry relation (i.e. the same magnitude and opposite phase) can be found for pathways induced by the same operators (e.g. pathways featured by the inverse fast Fourier transform (IFFT) frequencies of 244 and 250 in Tab. I). The results are shown in Tab. I labelled with "Off-diagonal Encoding Scheme". In the interaction picture, the Hamiltonian H(t) is split to H 0 + V (t), then the master equation becomes with V I (t) = e iH0t V (t)e −iH0t and U I (t) = e iH0t U(t)e −iH0t . The matrices are
and
Here
) and ξ 9 = β 9 = −iηα 23 . Thus the Hamiltonian matrix in the interaction picture V I (t) can be derived as
with κ(t) = χ 23 e i(ω2−ω3)t and ℓ(t) = χ 12 e iω2t . The pathway amplitudes can also be obtained as the corresponding Dyson terms. For example, with U i standing for the amplitude of pathway i (i.e. LF in Tab. I), we have
The results are listed in Tab. I labelled with "Integration". There are non-negligible differences between results of "Off-diagonal Encoding Scheme" (U H1 ) and "Integration" (U I ). The difference ratio R = |UI|−|UH 1 |
|UI |
can be as large as 30%, which is easier to see in Fig. 2 .
III. THE ORIGIN OF SELF-TO-SELF TRANSITIONS
In subsection II A, scheme with only off-diagonal encoding is adopted in HE-OD to calculate pathway amplitudes. However, it is noticed that some diagonal elements of the Hamiltonian also contain environment-related terms (i.e. α 12 and α 23 ). Self-to-self transitions, such as |11 → |11 , |22 → |22 , |33 → |33 are neglected improperly. Thus diagonal encodings may be possible to diminish the difference between pathway amplitudes by the off-diagonal encoding scheme and Dyson expansion. In our scheme including diagonal encoding, only the elements of H 11 (t), H 55 (t) and H 99 (t) with pure dissipation terms are encoded, and the encoding matrix is
The results are listed in Tab. I labelled with "Scheme including Diagonal Encoding". As shown in Fig. 2 , the difference between pathway amplitudes by this new encoding scheme and integration becomes smaller, and the ratio
is now about 10%, with |U H2 | stands for the magnitude by the scheme including diagonal encoding. The smallest difference is only ∼ 0.03% for pathway |11 → |22 → |33 .
As shown in Tab. I, the new scheme will lead to significant pathways involving self-to-self transitions. The discrepancy between the pathway amplitudes U H1 by the off-diagonal encoding scheme and U I by Dyson expansion in Tab. I may come from these self-to-self transitions. The off-diagonal encoding scheme, which doesn't include diagonal encodings, can not distinguish pathways with and without self-to-self transitions, while the value of U H1 should be the sum amplitude of pathways without and with self-to-self transitions. Therefore, the difference between U H2 by the scheme including diagonal encoding, which considers this kind of transitions, and U I becomes smaller. However, it is also noticed in Eq. (13) that environmental terms are "entangled" with the resonant frequencies (i.e. ω 2 , ω 3 ) in the other diagonal Hamiltonian elements except H 11 (t), H 55 (t) and H 99 (t). The scheme including diagonal encoding does not consider this, which leads to a small discrepancy between U H2 and U I . It is necessary to disentangle the two types of terms and then encode all environment-related ones to further improve the accuracy.
IV. SOLUTIONS AND DEMONSTRATION
It has been shown above that a proper encoding scheme has to be adopted to extract correct pathway amplitudes with HE-OD. However, this requires: 1. the environmental terms to be disentangled from resonant frequencies; 2. diagonal encodings to be performed, which results in self-to-self transitions. Techniquely, the original definition of quantum pathways is jumping from one state to another state, but the self-to-self transitions is quite counter-intuitive and not proper to be involved in the pathway, because it is jumping from a state to itself. Eq. (18) indicates that moving to the interaction picture is a way to achieve the disentanglement, but still can not avoid diagonal encodings. To conquer this problem, a mathematical transformation is applied to the Hamiltonian in the interaction picture firstly and then normal off-diagonal encoding schemes can be adopted. The same three-level open model system in Fig. 1 with and without control fields is employed for illustration in this section.
A. The three-level open quantum system without control field
When there is no control field, the Hamiltonian in the Liouville space becomes much simpler, 
The resulted Hamiltonian in the interaction picture is 
Here the definitions of α, β, η and ξ are the same as those in Eqs. (13)) and (17) . The environmental terms are now disentangled with resonant frequencies. Due to the fact that all coherence terms (e.g. ρ ij = 0, i = j) would be zero, the evolution equation can also be simplified as
with
Its analytical solution is
with Ω = γ 2 12 − γ 12 γ 23 + γ 2 23 . Then the following mathematical transformation is applied to eliminate non-zero diagonal elements
leading to the new dynamic equation in the transformed space
Finally the original off-diagonal encoding schemes can be applied to extract pathway amplitudes, which agrees well with those obtained by Dyson expansion (not shown here).
B. The three-level open quantum system with control field
When there is control field, the necessary transformation is much more complicated. The first step is to employ rotating-wave approximation (RWA) [27] . The Hamiltonian in Eq. (18) in the interaction picture becomes
, and ε ij being Rabi frequency. In our simulations, the control field is taken to be of a Gaussian envelope
leading to the Rabi frequencies ε 12 (t) = and ε 23 (t) = . To eliminate the non-zero diagonal elements, the following transformation is adopted
2 )t ρ 13 (t) = ρ 13 (t)e 
leading to the new Hamiltonian
which governs the evolution equation The above transformation can be generalized to an N-level open quantum system. Its equilibrium state in the pure dissipation case can be described by ρ eq mm = c m and ρ eq mn = 0 (m = n, 1 ≤ m, n ≤ N ), and the transformation without control field is ρ mm (t) = ρ mm (t) − c m . When the control field is present, the transformation becomes to ρ mm (t) = ρ mm (t) − c m and ρ mn (t) = ρ mn (t)e i(HI )mn,mnt (m = n, 1 ≤ m, n ≤ N ), where H I is the Hamiltonian in the Liouville space in the interaction picture.
The definition of pathways in the transformed space is clearer than that in the original Liouville space. The inconsistency between the amplitudes extracted by HE-OD and the integration from Dyson Expansion is also avoided. However, it is still quite interesting to compare the pathways extracted by HE-OD in the two spaces. The control mechanism can be described by the transition pathways linking the initial and target states. With the original and transformed spaces, the states are, respectively, described in the two bases of |mn and | m n (1 ≤ m, n ≤ N ). The two methods both have advantages and disadvantages. The initial state is simpler with the original HE-OD method in the original space, but diagonal encodings are necessary due to non-zero diagonal elements in the Hamiltonian, which will lead to self-to-self transitions. The improved HE-OD method may lead to more complex pathways due to the different description of the initial state in the transformed space. For the above three-level open system, the initial state is |11 with the original method, while is 
V. CONCLUSIONS AND DISCUSSIONS
HE-OD can extract pathway amplitudes and is an efficient way to investigate mechanisms in the control of quantum dynamics. For closed systems, the original off-diagonal encodings in HE-OD can induce the same pathway amplitudes as those by Dyson expansion. When moving to open quantum systems, some discrepancy appears. The underlying reason is related to the fact that the environmental terms are present in the diagonal Hamiltonian elements. Offdiagonal encodings can not differentiate transitions induced by these elements. The discrepancy can be diminished by diagonal encodings. However, this encoding scheme will introduce self-to-self transitions, which are counter-intuitive and inconvenient to be described mathematically. In this work, an improved HE-OD methodology is proposed to avoid such transitions in the resulted pathways. Firstly, the original Hamiltonian is transformed into the interaction picture to disentangle the environmental terms and resonant frequencies; Then a proper mathematical transformation is performed to eliminate the diagonal elements; Finally, off-diagonal encodings can be employed to differentiate pathways expressed in the new basis. The improved HE-OD method shows good consistence with the accurate Dyson expansion. A three-level open quantum system is taken as example to illustrate the effectiveness of our proposed methodology, which can be generalized to multi-level open quantum systems.
